Finite digrahs rwith a group G of automorphisms acting transitively on the set of s-arcs, for some s ~ 2, are investigated. For each valency v and each s ~ 2 an infinite family of finite digraphs of valency v which are s-arc transitive but not (s + I )-arc transitive are constructed. These examples are the result of a general construction given in the paper. Several classification results are proved and the case of G primitive on vertices is discussed.
... ,s -I, (IX;, IX; + ) is an edge. We shall be concerned here with digraphs Tsuch that some group G acts as a group of automorphisms of T (that is, G acts on VT and preserves the edge set ET) and for some s ~ I, G is transitive on the set of s-arcs of T; we shall say that Tis (G, s)-arc transitive, or simply that Tis s-arc transitive.
This investigation was originally prompted by efforts of T. Ito and the author to construct distance regular digraphs of large girth. The idea was to start with a (G, s)-arc transitive digraph T with s ~ 2, and to expand the edge set by adding to ET some other G-orbits in VT x V T so that the resulting set was still antisymmetric and irreflexive, and the resulting digraph was distance regular. This search for distance regular digraphs has so far proved unsuccessful, but the search for s-arc transitive digraphs produced some very surprising examples and classification results. Both the examples of s-arc transitive digraphs and the techniques for investigating them have proved to be quite different from those for s-arC transitive (undirected) graphs. For example it was proved by R. Weiss [I I] that the only finite connected 8~arc transitive graphs are cycles. We show here that for any valency v and any integer s ~ I there is an infinite number of finite s-arc transitive digraphs of valency v which are not (s + I)-arc transitive, namely the graphs Cr(v, r -s) for r ~ 3, which we shall define in Section 2. We shall see in that section that these and many other highly arc transitive digraphs are based on a directed cycle. This involves, for a connected (G, s)-arc transitive digraph, a consideration of the subgroup G* of G generated by all the vertex stabilizers. We show that the quotient group GIG * is cyclic and, if this quotient has order greater than 2, then the corresponding quotient digraph is a directed cycle. The digraphs C (v, t) are obtained by a general construction method suggested by our investigations of this subgroup G *. We also obtain here a group theoretic characterization of the digraphs C (v, t) when v is a prime.
We next consider the small normal subgroups of G, and show in Section 3 that the only connected (G, 2)-arc transitive digraphs T for which G has a normal subgroup acting regularly on vertices are the directed cycles T = Cr. We show that, for a (G, s)-arc transitive digraph T, a normal subgroup N of G with more than two orbits on vertices is associated with a quotient digraph TN which is also (G, s)-arc transitive. Thus we say that Tis G-irreducible if each non-trivial normal subgroup of G has at most two orbits on vertices. We show that the only connected G-irreducible (G, 3)-arc transitive digraphs, with G a soluble group, are the directed cycles C" where r = 4 or r is prime. In Section 4 we consider (G, s)-arc transitive digraphs Twhere G is primitive on vertices. Apart from the directed cycles of prime length, G must be either an almost simple group or a primitive subgroup of a wreath product H wr Sm in product action on VT = v m . We suspect that in the latter case H must be almost simple and act 2-arc transitively on a digraph .Ewith vertex set V such that T = E"; this is shown to be the case if Tis (G, 3)-arc transitive.
THE SUBGROUP G* AND A GENERAL CONSTRUCTION
Let Tbe a finite (G, s)-arc transitive digraph for some s ~ 1. We shall assume that Tis connected; that is, the underlying undirected graph (with {a, P} an edge if either (a, p) or (P, a) is an edge of T) is connected. By [6, Lemma 2] Tis then strongly connected; that is, for all a, p E VTthere is at-arc (a o , ... , at) with a o = a and at = P for some t. Now define
Then G* is a normal subgroup of G. In the case of connected (G, I)-arc transitive (undirected) graphs, G* is easily shown to have index at most 2 in G. This need not be the case for digraphs, as we see below, but the quotient G/G* must always be cyclic. PROPOSITION The lexicographic product construction defined above is analogous to a similar construction for undirected graphs. It Although the maps <p and 1/1 were used in the definition of the A -product and B-product, the resulting digraphs are, up to isomorphism, independent of <p and 1/1 respectively: for the map A(l:, <p') -+ A(l:, <p) given by (0", x) 1--+ (0", x<p~<p;)) and the map B(l:, 1/1') -+ B(l:, 1/1) given by (0", x) 1--+ (0", xl/l~I/I;)) are digraph isomorphisms. Therefore, when appropriate, we shall speak of the A-product and the B-product of a digraph without reference to the maps <P and t/J. Further, the A-product and the B-product of a digraph Emay be isomorphic. This is the case for Cayley digraphs: for a non-empty subset X of a group H the Cayley digraph 
Moreover, the digraphs ~ and ~ are both isomorphic to E.
Moreover, the digraphs ~ and ~ are both isomorphic to E. Cr(v, s) to be the digraph with vertex set 7L r x 7L~ with «i, x), (j, y)) an edge, for x = (XI, ... , x,) and y = (YI, . .. , y,) E 7L~, if and only if} = i + 1 and y = (YI, XI'···' Xs-I).
REMARK 2.7. These digraphs are directed versions of the (undirected) graphs C(v, r, s) defined in [10] (and see also [8] ). The adjacency relation given here is equivalent to but appears to be simpler than that given in [10] ; viewing these graphs as digraphs has led to a better understanding and a simpler definition of them. (If one applies to the vertices of Finally, we must show that G is equal to the full automorphism group Aut r of r = Cr(v, s) for all s ~ 1. We do this by induction on s ~ 1. For s = I, the A-class containing (i, x) is {i} x Zv and, as Aut r permutes the A -classes and acts as a group of automorphisms of ~ = C" it is easy to see that Aut r = G. For s ~ 2, if we set r = C, (v, s) For the proof we could make references to [10] , but the present treatment is much simpler and we prefer to give a self-contained proof here.
PROOF. For some a E vr we have M, # I, and since r is connected M, must act non-trivially on I; (a). Since p = 1I;(a)1 is prime and G is transitive on I-arcs of r, the stabilizer G, is primitive on I; (a) and hence M. is transitive on I; (a) (see [12, 8.8] 
0
Finally in this section, we give an example of another class of s-arc transitive digraphs with s unbounded. These digraphs are related to the digraphs C,(v, s) but cannot be constructed by means of the lexicographic product, A-product, and B-product constructions alone. Observe that in C,(v, s) the set of edges falls into disjoint induced sub-digraphs, each with underlying undirected subgraph a complete bipartite graph K".v; namely the induced sub-digraphs on the subsets of vertices of the form {(i, x, y) lYE 7L v } u {(i + I, Z, x)lz E 7L v } for some i E 7L, and x E 7L~-1. Our construction is based on a I-arc transitive (undirected) graph L1 on v vertices. Associated with L1 is a digraph L1. 2 with vertex set VL1 x 7L2 and edges «15" 0), (15 2 , I» whenever {b" b 2 } is an edge of L1. We shall construct digraphs such that the edges fall into disjoint induced sub-digraphs, each isomorphic to L1.2. 
. ). (That is, apply h to the (i -k)-
entry of x, regarded as a vertex of L1, where i -k is taken modulo s.) We claim that t/I(h, k) is an automorphism of T: an edge (a, P) of T is of the form a = (i, x), P = (i + I, y) with Yi+1 = Xi for i = I, ... , s -I and YI E L11 (xs). There is a unique integer We note that in C, (v, s; .1) the A-class containing (0, 0) is {CO, y, 0, ... , 0)1.11(0)
.11 (yn, so very often the A-classes are singletons.
NORMAL SUBGROUPS
Let T be a connected (G, s)-arc transitive digraph for some s ~ 1. In this section we study the nature of (small) normal subgroups N of G. We begin by showing that, if s ~ 2, the only examples of T for which N can be regular on vertices are the directed cycles.
THEOREM 3.1. Suppose that T is a connected (G, 2)-arc transitive digraph and that G has a normal subgroup N which acts regularly on vertices. Then T is a directed cycle (and G / N is cyclic).
PROOF. Assume to the contrary that T has valency v ~ 2. We identify VT with N so that N acts by right multiplication and, for x E Nand i ~ 1, we denote by I;(x) the set of vertices at distance i from x (where the distance d(x, y) from x to y is the least integer i such that there is an i-arc (xo, ... , xJ with X o = x and Xi = y).
Let x E I; (J). Then as G is transitive on 2-arcs we must have G 1 n G x transitive on the set (of size v ~ 2) of 2-arcs of the form (I, x, y) for some y E I; (x) . Translating the edge (1, x) by x E Nwe see that (x, x 2 ) is an edge; that is, (I, x, x 2 ) is a 2-arc. Now G 1 acts by conjugation on VT(identified with N) and so G 1 n G x fixes x 2 ; that is, G 1 n G x fixes the 2-arc (1, x, x 2 ). This contradicts the fact that G is transitive on 2-arcs. 0
As a contrast to this result we show that each normal subgroup N of G with more than 2 orbits on vertices corresponds to a connected (G, s)-arc transitive quotient digraph TN. PROOF. Clearly, TN is connected since Tis. Let (a o , . .. , as) be an s-arc in TN so that there are vertices a i E a i and a;+1 E a i + 1 such that (ai' a;+I) is an edge for i = 0, ... ,s -1. Since N is transitive on each of the a i we may assume that a i = a; for i = 1, ... , s -1.
Then, setting as = a;, we have an s-arc (a o , ... , as) in r. As G is transitive on the s-arcs of Tit follows that G is transitive on the s-arcs of TN. Finally, we must show that the edge set of TN is antisymmetric if s ~ 2. Suppose to the contrary that s ~ 2 and that (a, b) and (b, a) are both edges of TN. Then there are vertices a, a' E a and f3, f3' E b such that (a, f3) and (f3', a') are edges of r. Since N is transitive on a we may assume that a = a'. Then (13', IX, 13) is a 2-arc of r and as G p '" is transitive on the set of 2-arcs beginning with (/3', IX) it follows that 1; (IX) ~ b. Similarly, 1; (IX') ~ b for all IX' E a and 1; (13) ~ a for all 13 E b; since r is connected this means that N has only two orbits, which is a contradiction.
It is possible for the edge set of rN to be undirected if s = 1. Consider r = C 4 (2, 1) = LP(C 4 , 2) with vertex set 1"4 x 1"2 and edges «i, x), (i + 1, y» for i E 1"4 and x, y E 1"2' The full automorphism group A of ris 1"2 wr 1"4 = 1"~. Z4 where, for t = (tl' ... , t 4 ) E 1"~, (i, x)t = (i, x + tJ and Z4 = <0), where (i, xt = (i + 1, x) . Now A has a subgroup G = <(1, t = (1,0, 1, 0» ~ Z? • Z4 which acts transitively on the I-arcs of r, G has a normal subgroup N = < (12(1, 1, 1, 1 ,» ~ Z2 which has 4 orbits of length 2 in vr, and rN is an undirected cycle of length 4 on which G acts as Ds with kernel N.
We shall say that ris G-irreducible if each non-trivial normal subgroup of G has at most two orbits on vertices. It follows from Lemma 3.2 that for s ~ 2 each connected (G, s)-arc transitive digraph has a connected G-irreducible (G, s)-arc transitive quotient digraph (corresponding to a normal subgroup of G). Thus a preliminary step in determining all s-arc transitive digraphs may be the determination of the irreducible ones. We shall achieve this in the case where s ~ 3 and G is soluble. First we look at the case where G has a normal subgroup with relatively few orbits on vertices. is a g-arc in r. Now the stabilizer in G of (1X0, ... , IX g _ l ) fixes a o setwise, and is transitive on r;(lX g _ l ) (since g -1 < s). Since1;(lX g _ l ) (') 30 contains IXg it follows that 1;(lX g _ l ) ~ 30 and hence rN has valency 1. Thus rN = C,. Now suppose that 1 ~ t < sand N is semiregular. If t = 1 then r is a directed cycle by Theorem 3.1 so suppose that t ~ 2. Let the N-orbits be ai' ... ,a,. If t ~ 3 we may assume that (ai' ai+d for i = 1, ... ,t -1 and (a" al) are edges in rN' Then for all t ~ 2 there are vertices lXi E a i for i = 1, ... , t such that ~ = (lXI, ... , IX,) is a (t -I)-arc in r.
Since N acts regularly on each a i we can identify a i with N so that N acts by right multiplication and lXi corresponds to the identity of N. We write xli) for the element of a i corresponding to x EN. Thus ~ = (I(!), ... , 1('». Let X(I) E 1; (IX,) . Then translating the edge (1 (I), 1 (2» by x E N it follows that fJ = (I (I),
Now the stabilizer H of ~ in G acts by conjugation on a i for each i, and so the stabilizer of (1(1), ... , I(t), x(l» is the centralizer CH(x) of x in H. Now CH(x) fixes the (t + I)-arc fJ and also CH(x) is transitive on the set of (t + I)-arcs beginning with (1(1), ... , 1(t), x(!» (since ris transitive on arcs oflength t + 1 ~ s). It follows that rhas valency 1 and hence that r is a directed cycle. If r is a connected G-irreducible (G, 3) Further, N, N2 is a non-trivial abelian normal subgroup of G with at least two orbits in vr and all orbits of length u. Since r is G-irreducible, N, N2 has exactly two orbits and this forces r to be an undirected complete bipartite graph which is a contradiction. This completes the proof.
We note that similar arguments show, for a connected G-irreducible (G, 3)-arc transitive digraph r which is not a cycle, that G has a unique minimal normal subgroup N; N is a direct power of a non-abelian simple group, has I or 2 orbits and is not semiregular.
THE PRIMITIVE CASE
Here we consider a (G , s)-arc transitive digraph rwith s ~ 2 such that G is primitive on vertices, and we assume that G acts faithfully on vertices. Since G is primitive r must be connected (for a connected component would be a block of imprimitivity for G) . By (ii) the group G has a simple diagonal action on Vr REMARKS 4.3. It seems likely that H must always act 2-arc transitively on the digraph 17;. If this were true then, in view of Lemma 4.1 and the O'Nan-Scott Theorem, the group H would necessarily be almost simple. Thus the search for non-trivial primitive 2-arc transitive digraphs must be centred on almost simple groups. To our knowledge no examples of such digraphs are known. The best result we can offer towards proving that 17; must be (H, 2)-arc transitive is the following. The problem of classifying the primitive 2-arc transitive digraphs is related to the long-standing problem ·of determining all primitive groups with a doubly transitive suborbit (see [12, 13.7] [I, Section 9] or [2] ). Neither problem is a special case of the other, but a primitive group G with a doubly transitive sub-orbit r acts 2-arc transitively on the associated graph r if r is self-paired and G has at most 2 orbits on 2-arcs of the associated digraph r if r is not self-paired. This class of groups was investigated in [7] in the light of the O'Nan-Scott Theorem.
